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1. INTRODUCTION 
Let G be a finite group. A nontrivial proper subgroup M of G will be called 
a CC-subgroup if M contains the centralizer of each of its non-unit elements. If, 
in addition, M is a TI-set in G then M will be called a CCT-subgroup of G. 
Finite groups G, containing a CC-subgroup M, were studied by W. Feit 
in [3], and important information concerning the relation between the char- 
acters of G and those of the normalizer N(M) of M in G was furnished there 
under the assumptions 
(i> N(M) # M, 
(ii) lWWli(IMI-11)IMl~ 
(iii) &! is not a non-Abelian p-group with [M : M’] < 4[N(M) : M]‘. 
Our aim was originally to characterize finite groups satisfying Conditions 
(i)-(iii) and, in addition; 
(iv) 3 I M 
(v) M is noncyclic 
as a step in proving the following conjecture of W. Feit: 
Let G be a finite group, and suppose that G contains a CC-subgroup M 
satisfying Conditions (i), (ii), (iv), (v). Then G is either a Frobenius group 
with M as the Frobenius kernel or it is isomorphic to a simple group 
PSL(2, 39, n > 2. 
If M is normal in G, then G is a Frobenius group with M as the Frobenius 
kernel by the definition. If M is not normal in G, we are successful in proving 
that G is isomorphic to a simple group PSL(2, 3”), n > 2, under the 
assumptions that M satisfies Conditions (i)-(v) and in addition 
(vi) [N(M) : M] is odd (Theorem 5.1). 
* During the summer of 1965 this research was supported by the National Science 
Foundation. 
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The proof requires five successive steps in which it is shown that 
(a) M is Abelian, 
(b) M is an elementary Abelian 3-group, 
(c) [N(M) : M] = 4 (I M j - l), 
(4 !Gl =B(l~l-1)l~l(l~I-t-1), 
(e) GG PSL(2, ] M I). 
If [N(M) : M] is even, (a) certainly holds, and assuming (d), the proof 
of (e) does not use Assumption (vi). Also, (c) is deduced from (b) without 
applying Condition (vi). Thus in order to eliminate Condition (vi), it remains 
only to prove (b) and (d). Th e e imination of Condition (iii) appears to be a 1 
much more difficult problem. 
Section 2 deals with general properties of groups containing a CC-sub- 
group, most of which seem to be known. In Section 3 some useful conclusions 
are derived from the results in [J]. 
The object of Section 4 is to study groups satisfying Conditions (i)-(iv). 
In this case, Theorem 1 of [S] is of fundamental importance. Our work 
supplies a second example, after the one of the above-mentioned authors, of 
utilizing the knowledge about the infinite polyhedral group 
(3,3, 3) = (x,y, z / x3 =y3 = x3 = xyx = 1 j 
for the investigation of finite groups. 
The main Theorem 5.1 is proved in Section 5. It follows from a long series 
of lemmas, in which the characters of G are analyzed. 
The nilpotency of the Frobenius kernel of a Frobenius group is frequently 
used throughout this work. The solvability of groups af odd order is applied 
at least once in Section 5. These famous and well-known results of Feit and 
Thompson are used without reference. 
DEFINITIONS AND NOTATIONS 
The group H will be called a CP-group if its odd Sylow subgroups are all 
cyclic and the Sylow 2-subgroup is either cyclic or generalized quaternion. 
H E Hypothesis il, H E Theorem 1 will mean respectively: H satisfies 
Hypothesis A, H satisfies the assumptions of Theorem 1. If a group G con- 
tains the CCT-subgroup M, G E (*) will mean that N(M) has no normal 
complement in G. For any subset 2’ of a group G, Co{ T), Z(T), iV,( T), and 
j T / will denote, respectively; the centralizer, center, normalizer, and the 
number of elements in T. If M is a subgroup of G and y E G, then M’, 
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MY, M#, C&(y), and no(y) will d enote, respectively; the commutator subgroup 
of A[, y&ly-l, M - {I), the conjugate class of y in G, and ! No(y) I; and 
&I 4 G will mean that II4 is normal in G. If i, j are integers, 6, , (i, j), and 
i ! j will denote, respectively; the Kronecker Delta, the greatest common 
divisor of i and j, and i divides j. If U, v, z E G, then S,,(G) will have value 1 
if u and v belong to the same conjugate class in G and value 0 otherwise. The 
coefficient of C&(z) in C&(U) C&(U) will be denoted by c,,,(G). If 
C&(X) = Ci , then Ci* = C&(x-i). For any two characters Xi , X2 of G, 
the Hermitian product (X, , X2), is defined by 
The subscript G will be dropped in cases where it is clear from the context 
which group is involved. For any character < of a subgroup of G, c* will denote 
the character of G induced by 5. CX will denote summation over all the 
characters of G. The symbol V reads “for all”. 
2. GROUPS WITH EITHER CC OR CCT SUBGROUPS-GENERAL PROPERTIES 
The following theorems seem to be known, but were never summarized 
before. Most of them will be used in the following sections. 
THEOREM 2.1. Let G be a &ite group and suppose that G contains a sub- 
group M with the folloz0ing properties :
(i) Vzc E M#, Co(x) C M; 
(ii) z(M) # (1). 
Then M is a TI-set. 
Proqf. Suppose that 2: E M n W”, z # 1; we will show that then 
M = A@‘. It follows from (i) that VU E A+?#, Co(u) _C JP. Obviously 
Co(x) 2 Z(M) u Z(W); thus Z(M) u 2(&P) C M n MY. Let w E Z(MY), 
w f 1; then w EM and &(Pu) = MY _C M; therefore M = Mu as required. 
COROLLARY 2.1. Theorem 2.1 holds true when, for (ii), we substitute 
(ii)* N(M) # M. 
Proof. N(M) is a Frobenius group, with the Frobenius kernel M. Hence 
&’ is nilpotent and Z(M) # {I). 
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THEOREM 2.2. Let N be a Frobenius group of order qm with the Frobenius 
kernel M of order m, and suppose that N = QM, / Q 1 = q and q, m # 1. 
Then : 
(a) if h E M# and u, v E N - M, then 
jb) N’ >_ iVfi N’ = ill if and only if 0 is cyclic; 
(c) ;f M is a CP-group, then M is a cyclic group of odd order and Q is cyclic; 
(d) ;f q is even and u is an involution in N, then n(u) = q; 
(e) if q > nP - 1, then M is elementary Abelian and no nontrivial 
proper subgroup of M is normal in N. 
Proof. (a) It follows from [3], Lemma 2.2, that 
9 
cun-lh = n(u) n(v) 
Lm9 S,,n(v) = - . 
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(b) As c,,+ > 0 for u E N - n/r, h E M#, it follows that h = WZW-~Z-~, 
where ‘w and z are elements of N and zu is conjugate to u. Therefore MC N’ 
and consequently N’ = M if and only if $/iU = Q is Abelian. It is well- 
known that this implies that Q is cyclic. 
(c) M is a nilpotent CP-group. Since q > 1 M is of odd order, and hence 
cyclic. Therefore the group of automorphisms of M is cyclic, implying that Q 
is cyclic. 
(d) Since Q has only one involution, this involution is contained in the 
center of Q. Hence n(u) = q, 
(e) Deny; then M being nilpotent contains a subgroup M,, of order 
m, + 1, 172 which is normal in N. Obviously q 1 m - 1, q / m, - 1; hence 
q 1 m - m, = ~mO(m/m, - 1). Since (q, m,) = 1, q 1 nzjm,, - 1. Therefore 
(q + l>” < mom/m0 = m or q < rni/s - 1, which is not the case. 
The following theorem is a generalization of Theorem 4F in [2], and of 
some results in [I], Section 2. 
THEOREM 2.3. Let G be a Jinite group of order g, and suppose that G con- 
tains a (XT-subgroup M of order m. Then the following hold. 
(a) ,W is a Hall subgroup of G; 
(b) \ N(M) / = qm where m -- 1 = qv, q, v-rational integers and there 
exists a subgroup ,O of N(M) of order q such that 
N(M) = QM, Q n M = (1); 
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(c) g = qm(?zm + l), where n is a nonnegative rational integer; if M + G 
thenn>landg>qm~andifG~(c)thenq>1,n>~, 
(d) If x, y E M# arid x = .uyu-1, u E G, then u E N(M). 
(e) If GO Q G, 1 G,, 1 = g, and G,, 2 M, then g, = q,,m(nm + 1). If 
G E (*) then the conclusion is true it we asSume only that Go Q G, 
Go n M # (1); moreovu, then q,, > 1 artd G,, E (*). 
(f) It N(M) # M then G’ 2 M and [G : G’] < q. 
(g) If G E (+) then G’ 3 M, [G : G’] -=c q and G is nonsolvable. 
(h) If N(M) # M, (1) f Gr <1 G, ! Gr 1 = g, and G1 n M = (11, then 
M is a cyclic group of odd order, Q is a cyclic group, G1 is a nilpotent group, 
g, = urn + 1 j nm + 1 and n = uvm + u + v, v - a nonnegative integer. 
Moreover, G1 is contained in the kernel of all characters of G nonvantihing on 
M#, and the group C? = G/G, itself sati$es the assumptions of this theorem 
with respect to A??, the image of M in e under the natural projection. The 
orders of A?! and its normalizer in G are, respectively, m and qm. 
If G E (*) then ZI -=c n, v > 0 and consequently n > m + 2. Moreovev, 
e E (*). 
Proof, (a) Since M contains the centralizer of each of its non-unit 
elements, it is a Hall subgroup of G. 
(b) N(M) is either equal or unequal to M. In the first case, (b) is trivial; 
in the second case, N(M) is a Frobenius group with the Frobenius kernel M, 
and the properties (b) are well known. 
(c) Let (J&} be th e set of all conjugates of M other than M. M acts as a 
permutation group on {Mi} by x : i& + xMix-l for every x EM and 
Mi E {A&}. Let xMix-l = Mi for some x E M, then x E M r\ N(M,) = (1). 
Thus no element of {MJ is left fixed by an x E M# and hence the cardinality of 
{Mi) is nm, n > 0. Therefore g/qm = nm + 1. If q = 1 then, by the Frobe- 
nius Theorem, G $ (*) and if n = 0 then certainly G $ (*) [(c) then follows]. 
(d) UMU-1 n M # (1); hence UMU-l = M, u E N(M). 
(e) Let g, = qom(n,m + 1). As ikI C G,, , r = g/go < m and 
+,pz + 1) = (q/q,,) (nm + 1); o b viously q,, ) q. Since r and q/q,, are positive 
integers, less than ~2, it follows that Y = q/q,, and n = n, . 
Assume that G E (*) and G,, n M = M0 f (1). Suppose that 
NG,(MO) # Ma; then by Theorem 2.2 (a), G, 2 M and g, = q,,m(nm + l), 
q0 > 1. Also G,, E (YL), since otherwise the normal complement of NG,(M) in 
G, would be a normal complement of N,(M) in G, contrary to the assumption 
that G E ($). Thus it remains only to show that the case NGO(MO) = MO 
is impossible. But then by the Frobenius Theorem M,, has a normal comple- 
ment D in G, such that .G,, = MOD, MO n D = (1). D is a characteristic 
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subgroup of G,, , hence normal in G and D n N,(M) = {I>. As n/r, is a Hall 
subgroup of G, and the normalizer in G of any Sylow subgroup of MO is 
contained in NG(M), it follows, by [6-J, p. 136, that G = No(M) G, = No(M)D 
in contradiction to G E (*). 
(f) Follows immediately from Theorem 2.2 (bj and Part (e) of this theo- 
rem. 
(g) If G E (+) then N(M) # M; hence (g) follows from Parts (f) and (e) 
of this theorem. 
(h) Since G1 n M = (11, it follows from Theorem 2.2 (a) that 
G, n N(M) = (1). Th ere f ore Grf19 is a Frobenius group with the Frobenius 
kernel Gr and consequently Gr is nilpotent, its order is unz + 1 and M is 
a CP-group. It follows by Theorem 2.2 (c) and the assumption N(M) $r M 
that Rl is a cyclic group of odd order and Q is a cyclic group, Moreover, the 
birder of the group GIN(M) is qmg, and consequently g, ( nm + 1. Let 
T = (nm + lj/(tim + 1); then r = l(mod m) and Y = vm + 1. Nence 
II = uvm + u + v. Let h E A@; then Co(h) r\ G, = {I) and it foliows 
from [4], Lemma 2.1 that G, is contained in the kernel of all characters of G 
nonvanishing on M#. The above lemma and the fact that M n Gl = (1) 
imply that i@ contains the centralizer of each of its non-unit elements and 
1 @ j = 111. Let qrn be the order of the normalizer of A? in G. Since 
N(M) n G1 = {l}, 4 < q < m - 1, and by Corollary 2.1 f! is a TI-set in G. 
Now the order of G can be expressed in two forms: 
f = qm(Bm + 1) = qm(vm + 1). 
Hence S = q and the order of the normalizer of &? in G is qnz. 
Assume that G E (c) and u = n; then Gr is a normal complement of N(M) 
in G in contradiction to G E (*). Thus u < n, v > 0 and ~1 > 11~ + 2. 
Finally it follows from the isomorphism theorems that if G $ (+) then also 
G # (*). This remark completes the proof of Part (hj and of the theorem, 
COROLLARY 2.2. Let G E Theorem 2.3 and suppose that N(M) rf M, G 
and M is not a cyclic group of odd order. Then: 
(a) If 11: i G, Q G, 1 GO 1 = g, then GO3 M and g,, = q,,m(nm + 1) 
qO j q, qO > 1. Hence G is nonsolvable. 
(b) G contains a normal simple xon-cyclic subgroup G* of ordeei 
q”f$nm + l), 9” # 1. If p is the least prime number dividing q then 
[G : G”] < q/p. In particular, if q is a prime faumber, then G is a simple group. 
Proof. 
i 11 
Since IL’(M) i: M and M is not a cyclic group of odd order, it 
Q ows from Theorem 2.3 (h), (e) that G E (*) and that (a) holds. Let G” 
be the minimal normal non-trivial subgroup of G. Then, by [6& Theorem 44.4 
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and Part (a) of this corollary, G* is a noncyclic simple group. The rest of 
Part (b) follows easily. 
COROLLARY 2.3. Let G E Theorem 2.3 and suppose that G is solvable. 
Then one of the following statements i true: 
(I) N(M) = G; G is a Frobenius group and M is its Frobenius kernel. M is 
nilpotent. 
(II) N(M) = 2M; G is a Frobenius group and the normal complement of M 
in G is the Frobenius kernel. M is a CP-group. 
(III) N(M) # M, G; G I (*I, M is a cyclic group of odd order and N(M) 
is metacyclic. 
Proof. If either N(M) = G or N(M) = n/r then certainly (I) or (II), 
respectively, hold. If N(M) # M, G then it follows from Theorem 2.3 (g) 
that G 4 (*). The normal complement of N(M) in G being nontrivial implies, 
by Theorem 2.3 (h), that Mis a cyclic group of odd order and N(M) is meta- 
cyclic. 
3. GROUPS WITH A XT-SUBGROUP 
In this section we will derive some simple, but very important for us, 
conclusions from Theorem 2 and its Corollaries in [3]. 
Groups satisfying the following assumptions will be studied. 
HYPOTHEXS A. The jinite group G contains a CC-subgroup M of order m. 
Furthermore, ;f 1 N(M) 1 = qm then q # 1, m - 1 and M is neither normal in 
G nor a non-Abelianp-group with [M : M’] < 4q2. 
By Corollary 2.1 the group G satisfies Hypothesis II in [3] with h = 1; 
also the assumptions of Theorem 2 in [3] are fulfilled with respect to G. 
In this and the following sections the results and notation of [3], Section 2 
will be used, sometimes without any further reference. An additional nota- 
tion will be now introduced. 
Ci (i = I,..., t) 
Ci (i = I,..., t) 
hi (i = l,..., t) 
& (i = l,..., t) 
the number of conjugate classes in N(M) and in G 
meeting M# [see Theorem 2.3 (d)]. 
the conjugate classes of G meeting M#. 
the conjugate classes of N(M) meeting M#; 
Ci = Ci n M. 
a set of representatives of Ci and of z;i, i = l,..., t. 
the irreducible characters of N(M), vanishing out- 
side M. 
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[i (i = I,..., t) a set of irreducible characters of M inducing ti in 
N(M). Let zi = &(l) for i = l,..., t. Since M is 
nilpotent, we may assume that x1 = 1. 
x, (i = I,..., t) the exceptional characters of 6, associated with [i 
i=l )a.., t; Xi(l) =’ Z%i = 
Bi (i = I,..., d) the nonexceptional irreducible characters of G, non- 
vanishing on M#; t& = lc . 
Sfjk (1 < i,j, h < t) the coefficient of c, in cicj ‘ 
Cfjk (1 < i,j, k < “) the coefficient of C, in C$, . 
We know from [3], Corollary 2.4 that 
X@) = E&z) + zic, w-2 E M#, i = l,..., t, 
B,(h) = ci , Vh E M#; i = l,..., d, 
where c, ci (i = I,..., d) are rational integers and E = & 1. 
Furthermore, it follows from Corollary 2.1 and Lemma 2.2 of [3] that : 
z,x, = x,x, = x, , L(1) = 9% * s = l,..., t, 
where n(hJ = no(&) = n&h,) and the summation ranges over s = l,..,, i. 
Let v = (llz - 1)/q. It follows from 
am =CX,(h) =x1 + E c Qh)$-(m - 1)c =x1 - Eq + qvc 
M id 
that 
x1 = am + q(e - vc), a 2 0, 
As x, = x,X, , we get 
Let 
x, = x&m + q(e - 7x)], a > 0. 
T = c cix, 
i 
where Ci denotes summation over i = l,..., d. This notation, together with 
Cs denoting summation over s = l,... , t, will be used throughout this work, 
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Since 
O,(l) + (m - 1) C( = b$?z, 6, > 0, 
it follows that 
and consequently 
Also if 0,( 1) < m - 1, then ei( 1) = ci . 
Let 
It is well-known that, for all 1 < i, j, K < t, 
sijk = .(hz&h,) (Biir f d, % = n(h/n(hJ (Aiik. + S). (1) 
Finally let 
and 
K = v8 - 36% - 3cq. 
Our first result in this section is 
THEOREM 3.1. Let G E Hypothesis A. Then at least one of the followirag 
statements i true: 
(I) q < (m - 1)1’2, c = 0, T = q; 
(II) q > mlla - 1, M k elementary Abelian and contains no nontrivial 
proper subgroups which are normal in N(M). 
Proof. We need the following lemma, which is important by itself. 
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Z;EMMA 3.1. Let G E Hypothesis A. Then 
(a) (WC - E)~ + vT = m, 
(b) T < 4, 5’ > 1 - (4 - l)/(m - 1) > t, 
(c) c < (l/v) [(m - 241’2 + 11, 
(d) ifq < (m - 1)lj2, then c = 0, T = q. 
Proof of Lemma 3.1. (a) Let h E M#; then 
n(h) = C X,(h) X,(h-l) + T = c (&(h) + V) (&(W i W) + T 
8 s 
= C k(h) %,(h-l) + l C (k(h) z, + %,W1) zs) + c2 c x,” + T 
s s s 
= n(h) - q - ~EC + 8 T + T, 
m - 1 = vq = c2v2 - 2ecv + TV, m = (vc - E)” + VT. 
(b) By (a), T < (m - 1)/v = 4. The rest of (b) follows. 
(c) Obviously T >, 1. If T = 1, then 
0 = C X&) x, + 1 = x1 C X,(hJ zS + 1, 
s s 
which is impossible since l/x, is not an algebraic integer. Hence T > 2 
and by Part (a), ] c 1 < (l/v) [(HZ - 2v)lfl + I]. 
(d) vq = wz - 1; since 4 < (m - l)l/s, v > (m - l)r/?- and 
IciZ+& 1 
[m - 2(m - 1)W + 1 + 2(??z - 1)1/s - 21 = 1. 
Hence c = 0, and by (a), T = q. 
Theorem 3.1 is an immediate consequence of Lemma 3.1 (d) and Theorem 
2.2 (e). 
THEOREM 3.2. If G E Hypothesis A then the following relation holds 
for all 1 < i, j, k < t. 
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+ a2 ; [L(hi) + L(hj) + L@,‘>l 2, + c3 c %, 
s 
= EqB,, f C[6ij*?Z(hi) + Si,n(hi) + S,n(h,) - 3q] - 3Cp6 f C3V. 
Theorems 3.1 and 3.2 immediately yield 
COROLLARY 3.1. Let G E Hypothesis A. Then fop all 1 < i, j, k < t the 
following statements are true: 
(I) If M is Abelian, then: 
x,Aijk = EqBijk + CKd~j, 4 K. 
In pa&&u, the formula holds if q > nal12 - 1. 
(II) If q < (m - 1)1’2, then 
A.,. =?%B.. z,k x 23k 3 1 “jk: = ,(hifn(hj) 
(z Biia + S) . 
THEOREM 3.3. Let G E Hypothesis A and suppose that cijk = 0 for some 
(i, j, k). Then one of the following statements i  true: 
(I) q>mll”-1, M is elementary Abelian and no nontrivial propm sub- 
group of M is normal in N(M). 
(II) q < m112 - 1, G is solvable, N(M) is metacyclic and has a nilpotent 
normal complement in G, M is cyclic of odd order. 
Proof. If q > ml/2 - 1 then (I) holds by Theorem 2.2 (e). Thus assume 
that q < m1j2 - 1. If G $ (*) then (II) holds by Theorem 2.2 (h). Now let G 
be a group of minimal order satisfying the assumptions of this theorem 
together with q < m rfi - 1 and G E (*). We will show that such G does not 
exist, thus proving the theorem. By Theorem 3.1, c = 0 and T = q. Since 
ciik = 0 also sijk = 0, and Eq. (1) together with Corollary 3.1 yield Bijk = -q, 
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in contradiction to the assumption that q < &* -- 1. Hence X~ = 4, S = 4 
and q = S < T = q. Therefore f&(l) = ci for all i and &! is contained in the 
kernel of each Oi , i = l,..., d. Let U = ker 0,; since T = q > 1, 
0s exists. It follows from Theorem 2.3 (e) that j U i = q,rn(nm + lj: 
1 < qU < q < wzl/” - 1. U satisfies the assumptions of this theorem and 
qU < &2 - 1, U E (*) in contradiction to the minimality of G. The proof 
is complete. 
COROLLARY 3.2. In Theorem 3.3 assume that G is nonsolcable. Then (1) 
holds. 
4. GROUPS WITH A CCT-SUBGROUP M WHOSE ORDER IS 
DIVISIBLE BY 3 
In most of this section the group G will be supposed to satisfy the following 
conditions: 
HYPOTHESIS B. The Jinite grbup G satisjies Hypothesis A. Furthermore, 
3 / m. 
We introduce the following additional notation: 
t0 the number of conjugate classes of elements of order 3 
in N(M) and in G. 
Ci (i = l,..., to) the conjugate classes of elements of order 3 in 6. 
et (i = I,..., to) the conjugate classes of elements of order 3 in N(M). 
B = {(i, i, i*) [ 1 < i < to>. 
E = {(i,i, k) / 1 < i, j, k < toI. 
THEOREM 4.1. Let G E Hypothesis B and suppose that (i, j, k) E E - B. 
Then 
Cijk = Sijk . 
Proof. Let x E Ci , y E Cj , z E C, and xy = z. We will show that then 
x, y and z all belong to MU for some u E G, thus proving the theorem since M 
is a TI-set. 
We may assume that x E M. Suppose that y, z 6 M. By Theorem 1 of [5}, 
K = {x, y> is a solvable subgroup of G, being a homomorphic image of the 
solvable infinite polyhedral group (3, 3, 3). Let L = K n M; L is a nilpotent 
group and L must be a CP-group, since otherwise, by Corollary 2.3, L u K 
and K C N,(L) = N(M) w ic was assumed not to be the case. Thus the h h 
Sylow 3-group ofL is cyclic, and hence either 1 N,(L) 1 = 2 1 L 1 or NK(L) = L. 
In the first case, 2 1 q, V* = z, for all z, < t and K has only one class of ele- 
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ments of order 3, in contradiction to the assumption that (i, j, k) E E - B. 
In the second case, N,(L) = L and, by the Frobenius Theorem, L has a nor- 
mal complement R in K. Since L is nilpotent and its Sylow 3-group is cyclic, 
X, y E Z(L). Hence the cosets .zR and yR are equal to the conjugate classes 
Cl,(x) and C&(y) respectively, since for u = x or y we have 
IRuRl-lR = (lr~l-~) R = UR for all IEL 
and ] uR 1 = 1 C&(U) 1 . If XR = yR, then z E x3R = x-lR and (i j, k) E B, 
which is not the case. Finally, if XR # yR, then yR = x-lR and 
x E xx-1R = R, in contradiction to the definition of R. Thus y, z $ A/i is 
impossible, and the proof is complete. 
COROLLARY 4.1. Let G E Hypothesis B and suppose that s,, = 0 for some 
(i, j, k) E E - B. Then. q > m1i2 - 1 and M is elementary Abelian. 
Proof. By Theorem 4.1 cijk = 0. As E - B is not the empty set, M is 
noncyclic, in which case Theorem 3.3 implies the result. 
COROLLARY 4.2. Let G E Hypothesis B. Then the set of all elements of 
order 3 in M, together with I, form an Abelian characteristic subgroup M,, of 
M, contained in Z(M). 
Proof. Let x E M - Z(M) and suppose that x has order 3. Choose any y 
of order 3 in Z(M) and let XEC~, y~Cj. Then (j,j,i)EE-B and 
sjji = 0. It follows from Corollary 4.1 that M is elementary Abelian, contra- 
dicting the existence of x. Therefore all the elements of order 3 in M are 
contained in Z(M), where they form, together with 1, a characteristic sub- 
group MO , which is also characteristic in M. 
COROLLARY 4.3. Let G E Hypothesis B and suppose that q b odd. Then to 
is even. 
Proof. By Corollary 4.2 to = (m, - 1)/q, where ms = 1 M,, 1 . Since m, 
is odd, not 1, and q is odd, to must be even. 
COROLLARY 4.4. Let G E Hypothesis B and suppose that q < (m - 1)112 
and (i, j, k) E E - B. Let Case I mean that either to > 2 OY to = 2,2 1 q, and 
let Case II mean that to = 2,2 +’ q. Then: 
in Case I: 
in Case II: 
Bij, = ; - q, 
Bijk - q - l ” P--q, 
P to 
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Proof. First we will show that all Bijk , (i,j, 12) E E - B are equal to 
each other. By Theorem 4.1, Corollary 3.1, and Eq. (I), each BijL ? 
(i, j, K) E E - B is a root of the linear equation 
But cgq/qmx, f- 1, since otherwise g = mx, < rngr/a and g < ~9, in contra- 
diction to Theorem 2.3 (c). Thus the above equation has one root only, and 
the Bijk, (i, j, k) E E - B are all equal to each other. SO are the 
~,,(i,j,k)~E-B. 
By Corollary 4.2, the classes ci (i = l,..., t,) are in the center of M, and 
therefore a product of two elements of order 3 in N(M) is again an element 
of order 3. 
Case I. In view of our opening remark we may assume that k # j,j*. 
Then 
hi, = 6~ ; (Biik + q>; Bsjk = ; - q, 
4 Sijk = - . 
IL==1 to 
Case II. Since l* = 2, we may assume that (i, j, K) = (1,2,2). Then 
Bijk = q - 1 m ---q4, 
4 t0 
COROLLARY 4.5. Let G E Hypothesis B and suppose that q < (m - 1)1/z 
and to > 1. Then E = - 1 and, for each (i, j, k) cs E -B, 
g = ‘dB;jk f q) X1(- qB,E f ~IS)-~. 
Proof. It was shown in the proof of Corollary 4.4 that: 
thus it remains only to show that E = - 1. It follows from Corollary 4.4 
that Bij, > 0 for (i, j, k) E E - B; in Case I this is obvious, while in Case II 
it results from 
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Thus if E = 1, we would have in both cases: 
g<-< 
2 2 
’ - ’ &[l - ;(zz - l)] G ts(1 “-“l/t,) G ‘nzqP St0 
in contradiction to Theorem 2.3 (c). Hence l = - 1 and the proof is com- 
plete. 
COROLLARY 4.6. Let G E Hypothk B and suppose that q is odd. Then 
q > (m - l)lfl and M is elemmtary Abelian. 
Proof. By Corollary 4.3, to is even. Suppose that q < (m - l)l12. Case I 
of Corollary 4.4 is impossible, since then there exists (i, j, k) E E - B to 
which there corresponds the rational integer sijk = q/to , in contradiction to 
the assumption that q is odd. Therefore we will assume having Case II of 
Corollary 4.4. Then: t,, = 2, slzn = szz2 = sais = + (q - l), and since 
P = %l2 + 512 9 we get sn2 = 8 (q + 1) and BI12 = m(q + 1)/2q - q. 
For all (i, j, K) E E, obviously Sijk < cgilc; hence by Eq. (1) and Corollary 3.1, 
0 < sijk implies that 
with equality at least for (i, j, k) E E - B. Since sl12 , s122 > 0, it follows that 
g >, qm(Bl12 + q> xl 
- q&n + 361s ’ 
g = qm(Bl22 + (I> XI 
- s&z + ~1s ’ (2) 
We will consider now the function: 
f(x) = ~?l(X + 4) Xl - qx + x,s l 
This is an increasing function for x < x,S/q. As sl12 > sit2 > 0, also 
Bl12 > B122 , and Bl12 , KS2 < +Vq. Hence 
g ~f(BnJ )f(B122) =gs 
a contradiction. This contradiction proves that q > (m - l)lf2 and the 
corollary follows by Theorem 2.2 (e). 
THEOREM 4.2. Let G E Hypothesis B. Then M is an Abelian group of odd 
order. 
Proof. If q is odd, the theorem follows from Corollary 4.6; if q is even, 
it is well-known. 
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COROLLARY 4.7. Let G E Hypothesis B ad suppose that t, > 2. Then 
c=K=O, T = qa 
Proof. M being Abelian, v = t, and Eq. (1) becomes 
Sijk = & k&n + ~7% cm = -$ (4r + S) (3) 
for all 1 < i, j, K < t. Let (i, K, K) G E - B, K # i, i* and let j be different 
from either of i, i*, k, K*. Obviously also (i,j, k) E E - B. Since t, > 2 it 
was possible to make such a choice; because if 2 [ q then i = i*, k = k* and 
there are at least two possibilities for j; while if 2 +’ q, then to > 8 since if 
4 j m,, - I then also 8 1 flz,, - 1, and if 4 { WQ, - 1 then t, 22.5 > 8, and 
there are at least 4 possibilities for choosing j. 
By Theorem 4.1, sijk = ciilc and siLk = ctkk . It follows from Corollary 3.1 
and Eq. (3) that 
qBik, + q2 = & ($L + K + x$’ + cm), 
1 
which by subtraction yield 
d&c, - Bijk) = &y [4Bik~ - BisJ + ~4. (4) 
It follows from Eq. (3) that 
q(B;kk - Biik) = m(~ikk - S& = mL, L-an integer. 
Suppose that L # 0; then Eq. (4) yields 
m2Lx 
g =LmE +Icm 
mxl ICI -l =------<mx, l----- 
E + c/L ( ICI +1 1 
the last inequality following from the fact that both c and L are integers. Thus 
by Lemma 3.1: 
g < mxl(l c j + 1) < F[(m - 2J1i2 +- 1 + 4. (5) 
Since for q < m 1’2 - 1 the corollary follows from Theorem 3.1, it suffices 
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to prove it for the case when q > m112 - 1 and t < mlla + 1. As xl2 <g/t, 
(5) yields then 
9 wz - 1 
g+- 
9 
t m2 < a qma < qmZ, 
in contradiction to Theorem 2.3 (c). 
Thus, if q > m1/8 - 1, then L = 0 and Eq. (4) implies that also c = K=O; 
T = q by Lemma 3.1. The proof is complete. 
COROLLARY 4.5. Let G E Hypothesis B and suppose that to > 2. Then 
g = m%x,[- q(m - q&J + b+Y 
a9zd E = - 1. 
Proof. It follows from Theorem 4.1, Eq. (3), and Corollary 4.7 that, for 
all (i,j,k)~E-B, 
It is impossible that g+nxr = 1 since then g = mx, < mg112, g < m2 in 
contradiction to Theorem 2.3 (c). Thus Eq. (6) implies that 
Bira , (i, j, K) E E - B are all equal to each other; so are the 
sijk , (i, j, k) E E - B. 
Let (i, j, k) E E - B, k # j, j*; such (i, j, k) exists since t,, > 2. Then by 
Eq- (3) 
to 
q = c Spoik = 1 (@ii/c +q”), 
zO=l 
qB,, = F - q”, 
which, when inserted into (6), yields 
g = mx,mq[q(m - qt& + t,~$]-~. 
Ife=l,then 
2 
g < 2[1 - (q rl$/(rn - I)] < m”qY 
in contradiction to Theorem 2.3 (c). Hence E = - 1 and the formula for g 
follows. 
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THEOREM 4.3. Let G E Hypothesis B and hxppose that Ad is elemeduy 
dbelian. Then q = 8 (m - 1) and G is a simple group. 
Pro05 First we will show that q = 4 (m - 1) by assuming that f + 2 
and deriving a contradiction. Since q < m - 1, t > 1 and we may assume that 
t > 2. As t = t, , Corollary 4.8 yields 
g = m”q2 
[ 
- f + (m - 1) S]-i. 
SinceE=-l,xl>m-q, -q2/x,),--q’/(m-q)and 
(m - 1) S > m - 1 - (q - 1) = m - 9. 
These facts yield 
22 
g G -- qz/(Tn .Il”l) + m - q = 
m2q2(m - 4) ( m29’ _ qm2, 
m(m -29) 9 
in contradiction to Theorem 2.3 (c). This contradiction proves that 
q=&(m-1). 
It remains to show that G is a simple group. By Corollary 2.2 (a), if 6, 
is a nontrivial normal subgroup of G, then G, contains M and 
1 G,, 1 = q@m(nm + I), where go # 1 and q,, j q. Thus GO E Hypothesis B 
with the same M, and by the first part of this proof go = 8 (m - 1). Hence 
G = GO and G is a simple group. 
We are now able to prove the following classification theorem: 
THEOREM 4.4. Let G be a finite group containing a subgroup M zuhich 
satisjies the following conditions : 
(I) M is a noncyclic, elementary Abelian 3-group. 
(II) Yx E M#, C(x) c M. 
Then one of the following statements is true : 
(i) g = qm, M Q G, G is a Frobenius group. 
(ii) [N(M) : M] = q = Q (m - 1), G is a simple group. 
(iii) [N(M) : M] = q = m - 1, G ti a simple group. 
(iv) [N(M) : M] = q = m - 1, G contains a simple normal subgroup of 
index 2 and of Type (ii). 
Proof. If M 4 G, obviously (i) holds. The case M 43 G, q = 1 is impos- 
sible, since then, by Theorem 2.1, M is a TI-set with N(M) = M # G 
and hence G is a Frobenius group and M is a cyclic group, which is not the 
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case. Finally, if M 43 G, q + 1, m - 1, then G E Hypothesis B and (ii) 
holds by Theorem 4.3. Thus it remains only to show that, if M + G, 
q = m - 1, then either Case (iii) or Case (iv) holds. Suppose that 
{I) # G,, d G; then if G, # G, Corollary 2.2 yields that / G,, 1 = qOm(nm + l), 
qO # 1, m - 1 and hence G,, E Hypothesis B. Theorem 4.3 then implies that 
G,, is a simple group of Type (ii) and [G : G,] = 2. Hence either G is a simple 
group of Type (iii), or (iv) holds. The proof is complete. 
5. GROUPS WITH A CCT-SUBGROUP M WHOSE ORDER IS DIVISIBLE BY 3 
AND WHOSE INDEX IN ITS NORMALIZER IS ODD 
In this section the group G will be supposed to satisfy the following con- 
ditions: 
HYPOTHESIS C. The finite group G satisfies Hypothesis B. Furthermore, 
Q is a group of odd order. 
Finite groups satisfying Hypothesis C will be now completely determined. 
It is well known that this hypothesis is satisfied by the family of simple groups 
PSL(2,39, w > 1 and odd. On the other hand, we have 
THEOREM 5.1. Let G E Hypothesis C. Then m = 3’“, q = + (m - 1) and 
G s PSL(2,3*), w > 1 and odd. 
Proof. Corollary 4.6 and Theorem 4.3 yield the following basic 
~EMMYA 5.1. Let G E Hypothesis C. Then M is un elementary Abeliart 
3-group, q = $ (m - 1) and G is a simple group. Nloreover, 
g = me(m - 3) 12 f2” - ‘Ly - ‘) + 2S]/-1 < (q - 1) qma. (7) 
Proof of Lemma 5.1. By Corollary 4.6, M is an elementary Abelian 
3-group, and therefore, by Theorem 4.3, q = 4 (m - 1) and G is a simple 
group. It remains only to prove Eq. (7). 
First we will prove the formula for g. It follows from Theorem 4.1, Corol- 
lary 3.1 and Eq. (3) that for all (i, j, k) E E - B: 
q&j, i- q” = &- (CqBij, + K 4 htcnl + ~1s). (f-9 
1 
As t = 2 and q is odd, siik = 2 for all (i, j, k) E E - B. Since gc/mxI = 1 
is impossible, all Bijrc , (i, j, k) E E - B are equal to each other; so are the 
sijz . 
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Consequently 
4 (711 - 1) = 4 = 1 + Slaa + Sass, Sijk = 2 (VZ - 3)P qBijfi = - $ (m + l) 
both for all (i, j, R) G E - B. A substitution in (8) yields: 
g = mnB(m - 3) ‘2 
I [ 
- (m + 1) B + 4K + 8cm 
2x1 
+ 2s-j 1-l. 
Let A = - (m + 1) E + 4K + 8cm; it remains to show that 
A = 2(2c - E) (m - T). Since, by Lemma 3.1, (2c - E)’ + 2T = m and 
(2~ - c)” = (2c - c) (m - 2T), we have 
A = - me - E + 85 - 12c% - 6c(m - 1) + 8cm 
Z-Z- me + (83 - 12~s~ + 6c - 6) -+ 2cm 
= (2 - c)” + (2c - e) m = 2(2c - E) (m - T). 
To prove the inequality (7) we notice first that 2c - E < - 1, since 
otherwise the formula for g yields 
g < m2(m - 3) 14 [l - &]I-’ = + (m - 3) m2: 
in contradiction to Theorem 2.3 (c). Therefore x1 > - (Zc - l ) q. More- 
over, since: 
0 = G&(h,) + +w4) + C&(l), c c,&(l) = - (2c - E) x1 - 1 > 0, 
i if1 
the last inequality following from the fact that x1 > q > 1, at least one 
ci , i # 1 is positive, hence not less than 1. Taking into account the last three 
remarks, the formula for g yields 
= (q - 1) qm?. 
The proof of the lemma is complete. 
In view of Lemma 5.1, to prove Theorem 5.1 it suffices to prove the follow- 
ing proposition: 
PROWSITION 5.1. Let G E Hypothesis C and suppose that M is an elemen- 
tary Abelian j-group and q = $ (m - 1). Then G E PSL(2, m). 
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Proof of Proposition 5.1. The following additional notation will be now 
introduced: 
Pi (i = l,**.) the subset {ei 1 Bi # lo, Ci > l} of {oil i = l,..., d}; 
Pg2,) = ci . 
Yl thesetofPi,i=l,...; 1 Yrj =yr. 
Ri (i = l,...) the subset (8i 1 ci < - l} of (0i 1 i = l,..., d}; R,(hJ = cS. 
Y2 the set of Ri , i = l,...; ] Ya j =ya . 
Di (i = l,...) the irreducible characters of G vanishing on ikl#. The 
corresponding degrees are v&i = l,...). 
Y3 the set of DB , i = l,...; I Ya ( = ys . xi Di2(l) = zm2. 
Tl = CY, ci2 T2 = CY, ci', T=T,+T,fl. 
Furthermore, x will denote x1 = x2 , and XI P,(v) or J$ P,(v) P,(U) will 
denote summation over all Pi E Yr; a similar notation will be used with 
respect to Iii E Ya and Di E Ya . Ce Pi(e) will denote summation over all 
e EQ#. 
In the following lemmas we always assume that G E Proposition 5.1. 
LEMMA 5.2. (a) x = fq + urn, where f = - (2~ - c) > 1 and a is a 
nonnegative integer. 
(b) Jf Pi E Yly th en Pi(l) = r,m + Ci , where ri is a positive integer. 
(c) IfR; E Y2, then R,( 1) = Uim - 1 ci 1, where ui is a positive integer such 
that Ui > 1 Ci 1 m 
Proof. (a) By the proof of Lemma 5.1, 2c - E = - f < 0; the rest of 
(a) follows from the general formula for X. 
(b) Pi(l) + (m - 1) ci = wim, w,---a nonnegative integer. Hence 
Pi(l) = (Wi - ci) m + ci . A s ci < m, Wi - ci > 0; since Pi has a trivial 
kernel, ri = WI - ci > 0. 
(c) is proved similarly. 
LEMMA 5.3. Yl zk not empty a?zd if P E YI , P(1) = rm + s, then. 
d4 - l)m2 
g G [(m - 1) s”]/(rm + s) + s2 ’ 
?zm + 1 < (q - l)m 
[(m - 1) s3]/(rm + s) + s2 ’ 
(9) 
Furthermore, q 7 rm + s. 
Proof. It was shown in the last part of the proof of Lemma 5.1 that there 
exists 0, # lo such that Cc > 1. Hence Yr is nonempty. 
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Lemma 5.1 yields the following inequality: 
g--- < 
m2(nz - 3) 4k - 1) m2 = 
2 Ii 
F+2+-&-2T--‘,s2] (m - 1) s3 + $2 ’ 
rm + s 
which is the first part of (9); since g = qm(nm + l), the second part follows. 
Suppose that 4 1 rm + S; then, since Q 1 r(m - 1), 4 ! Y + S. It follows, 
from the definition of T and from Lemma 3.1 (a), that s2 < T < q; since by 
(9) r < q, we must have q = Y + s. Furthermore, by (9) 
(mm + s)” < g < (qm/s)2, s(rm + s> < qm, ST < q. 
Hence 
s(q - 4 < 47 q(s - 1) < sz <q, s = 1. 
Itfollo~vsthatP(1)=q(m-2)andm-2~~m+I,Hencem-2~2n+1, 
n > 4 (m - 3) = q - 1, contradicting (9). Therefore q +’ rm + s and the 
proof is complete. 
LEMMA 5.4. dssume that R E Y, with R(1) = uwz - w, u > w. Then 
g < 4@ - 1) m” 
w2 - (w”/q ’ 
nnz + 1 < (4 - ‘) ffz 
w2 - (w”/il) - 
(10) 
Fudwrmore, q { urn - w. 
Proof. Lemma 5.1 yields the following inequality: 
g--. < 
m2(nz - 3) 
2[- 
m2(m - 1) (m - 3) 
’ 2[- 2~z + 2T + 2m - 2 - 2T + 2 + 2zv2 - 2(w+)] 
= dq - 1) m2 
w” - (zu”/u) ’ 
which is the first part of (10); the second part follows. 
Suppose that q / urn - w. Then, since q / u(m - l), q ( u - w and con- 
sequently 
u > q +- zu, g > (unz - w)8 > (ZJ - 1)” m2 > qSmz, 
in contradiction to inequality (7). Therefore q+’ um - w and the proof is 
complete. 
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LEMMA 5.5. Under the assumptions of Lemma 5.3, 
P(1) = s(nm + 1). 
Pvoof. Let dl = (q, rm + s), d, = (m, rm + s), d3 = (am + 1, rm + s). 
Then rm + s 1 d,d,d, and dl 1 Y + s, d, 1 s, d3 1 ( sn - Y 1 . Hence 
rm+sI(r+s)s(m--1. (11) 
It will be shown that this implies that Y = sn, thus proving the lemma. 
Suppose that sn > r. Then by (11) rm + s < An + s3n; since by (9) 
s% < 4 - 1, this yields rm + s < (q - 1) Y + A-% and consequently 
s3n > (q + 2) Y + s. 
This inequality, together with (9), yields: 
Y(Q + 2) < n < q-1 
s3 [(m - 1) s3]/(Ym + s) + s2 ’ 
It follows that 
r(m - 1) 
Ym + s 
Sf<l 
and consequently 
srm - ST f rem f sr < srm f s2, r2m < s2 < q, 
a contradiction. 
Suppose that m < r. Then, by (1 l), pm + s < ST(Y + s). Since 
r2m2 < (rm + s)2 < g = qm2n + qm, 
it follows that snr < y2 < qtz, w < q. Thus 
rm + s < q(r + s) < 2qr, 
a contradiction. The proof is complete. 
LEMMA 5.6. Suppose that R E Y2 with R(1) = urn - w. Then 
u = w. 
Proof. By Lemma 5.2, u 3 w; thus in order to prove the lemma it 
suffices to assume that zc > w and to derive a contradiction based on this 
assumption. Let dr = (q, urn - w), d, = (m, urn - w), d3 = (nm + 1, urn -w). 
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Then um -- w j d,d,d, and dI 1 u - w, d, / w, d3 / can f u. Consequentlyy, 
as u > w, it follows that 
urn - w < (uw2 - w3) n + (uw - w2) zl. (121 
Furthermore, Lemma 5.4 yields 
(uw2 - w”) n < (q - 1) u. W 
A contradiction will be derived separately for the following two cases: 
Case I. Suppose that u < nw; then by (13) uw - w2 < p - 1 and it 
follows from (12) and (13) that 
urn - w < (q - 1) u + (9 - 1) 21 = urn - 3u, 
a contradiction. 
Case IX. Suppose that u > nw. It follows from 
(u-11)“m2<(um-ww)“<g=qnm2+qm 
and from u - 1 > nw that 
nw(u - 1) < (u - 1)2 < qn, w(u - 1) < 4. 
The last inequality and the assumption that u > nw allow us to rewrite (12) in 
the form 
urn - w < w(u - 1) wn + w(u - 1) u < qu + qu = urn - u, 
a contradiction. The proof is complete. 
LEMMA 5.7. x =fq, 
q=T,n+T,+l, (141 
and Q is a Hall subgroup of G. 
Proof. By Lemma 5.2 x = am + fq, a > 0. In view of Lemmas 5.5 
and 5.6, we have 
0 = 1 -w3 X(1) 
X 
= 1 + (fq + am) (-f) + T,(nm + 1) - (T - TX - 1) (m - 1). 
481/6/2-6 
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Part (a) of Lemma 3.1 yields fsq - T = (m - 2T) q - T = m(q - T). 
It follows from these facts that 
q = T,n + TI + 1 - af. (1% 
It remains only to show that a = 0 and (q, nm + 1) = 1. 
It follows from Lemmas 5.1, 5.5, and 5.6 that 
myrra - 3) (m - 1) 
g ’ 2(- 2m + 2T + 2m - 2 + [2(m - l)/(nm + l)] TI - 2(T - TI - 1)) 
= m”k7 - 1) 4b + 1) 
m(1 + n) TI ’ 
Hence T,(n + 1) < q - 1; since, by (15), q - 1 = T,(n + 1) - af, it 
follows that a = 0. Let b = (q, nm + 1); then 6 1 (m - 1) n, b ] nm + 1, 
hence b ] n + 1. Since, by Eq. (14) n + 1 1 q - 1, then b = 1. The proof 
is complete. 
LEMMA 5.8. (a) X,,, , i = 1, 2, contain only [I and lz as their irreducible 
constituents. Consequently, X,(e) = 0 for all e E Q#, i = 1, 2. 
(b) IfR E Yz , then RI, contains only [I and tz as its irreducible constituents. 
Consequently, R(e) = 0 for all e E Q#. 
(c) If 6 is a nonprinc$al irreducible character of N containing M in its 
kernel, thna E* is a sum of characters from YI . Consequently, if f is linear then 
f” E Yl . 
(d) Di(e) = vi for all e EQ#, i = l,... . Furthermore, 2: =& vi2 = n 
and 1% = lo + xi viDi . 
(e) If P E YI, P(1) = r(nm + l), the-n 
T P(e) = - r(n + 1). 
Proof. (4 (&,N, ~2 + L)N = (l/q4 (fq2q +fq> =f. Since 3 = fq, 
the assertions follow. 
(b) Let R(1) = u(nz - 1). Then: 
(h, k f&h =$b(m - 1>2q + (m - l)u] = 2~. 
Since R(1) = u(m - l), the assertions follow. 
(c) Let S(l) = d; then f*(l) = d(nm + 1) and f*(h) = d. Since by (a) 
and (b) 4* contains elements of Yr and Ys only, as its irreducible constituents, 
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it is easy to check (inspecting the values taken on M# by the various charac- 
ters) that t* contains no elements of Ya . The assertions follow. 
(d) (D,,, , [I + [a), = (l/pm) vim2q = 2v, - Hence, in view of (c), 
D,,, contains 1, mvi - (m - 1) vi = oi times, and no other character of N 
nonvanishing on Q”. Therefore Di(e) = ai for all e EQ#. Moreover, it 
follows by the Frobenius Reciprocity Theorem that 1; = lo f Cd v,Di . 
Consequently, 1 + nm = 1 + xi vi2m, x = n. 
(e) As P(1) = r(nm + 1) and 1$(l) = nm + 1, (P, l$)o = 0; hence also 
(P,, 9 1x), = 0 and 0 = (llqm) [r(nm + 1) + (m - 1) r + mCB P(e)]* 
Cb P(e) = - r(n + 1). 
LEMNL4, 5.9. The following table of characters and relations hold true: 
1 ‘i 4 e 0 
1G 1 1 1 1 1 
x, 
2 
4&l,> + c 4lW + c 0 Xl(O) 
-G 42Pl) + c -!z(hd + c 0 X1(4 
pi r&2 + 1) rj ri P&9 Pi(O) 
Ri zQ(m - 1) - ui - ui 0 -k(o) 
Di vim 0 0 Vi Q(o) 
C Pi(e) P,(o) = C riPi = 0, 
E i 
T r,,P&) = 7 viDi(o) = - 1, (17) 
z&m-e e represents elements belonging to some cozjxgate of Q#, and o represents 
elements not included in the jikst four sets, (The set of all elements of the last 
kind will be denoted by 0). 
Proof. The table of characters summarizes the results of Lemmas 5.5-5.8. 
In order to prove (16) and (17) several orthogonal relations will be used: 
0 = F X(&) X(e) = 1 + C rip&>, 
i 
0 = c lx4 X(1) + cm - 1) X(4 -wh>l 
= m + m(n + 1) C rd’,(o> + m C VA(O), i * 
0 = F X(e) X(o) = 1 + C Pi(e) Pi(o) + 7 @do). 
i 
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It follows from the last two equations that 
7 pi(e) Pi(o) = (n + 1) C riPdo>; 
z 
summation over e EQ# yields, in view of Lemma 5.8 (e), 
- (n + 1) ; rip,(o) = (P - 1) (n + 1) c rip,(o). 
z 
Hence xi r,P,(o) = 0 and (16) (17) follow from the above orthogonal rela- 
tions. 
LEMMA 5.10. Let e EQ# and u be an involution of G. Then 
44 I 4, n(u)Inm+ 1. 
Proof. Let h E M# and o E 0. By Lemma 5.9 and the well known formula 
for c,,~ we get c,,,, = g/n(o) n(e). Since c,,~ is an integer and m is prime to 
n(e) k(o), it follows that 
44 44 I dnm + 1). 
As q is prime to nm + 1 and the divisibility condition holds for every e E Q# 
and o E 0, it follows from the fact that the center of a Sylow group is non- 
trivial that 
44 I 4, 
In particular, a(U) 1 nm + 1. 
n(0) I nm + 1. 
LEMMA 5.11. Let u be an involution of G. Then 
and 
Pi(u) = 0 for all Pi E Yl 
n(u) = m + C D:(u). 
z 
Proof. It is well known that 2 /i 1 No(M) 1 implies that c,,~ = 0 for all 
h E M#. Hence 
and 
0 = 2q - 2X12(u) + s c piw - T w4. W3) 
E 
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As X,(U) and &(u) are integers and (4, nm + 1) = 1, it follows that: 
nm j- 1 j 2 C P,“(u). 
z 
Since n(u) < nm + 1, xi P,‘(U) < nm + 1. Hence either 
T P,“(u) = g (nm + 1) or F P,“(U) = 0. 
We will show that the first case is impossible, thus proving the first result of 
this lemma. 
If & Ptz(u) = & (nm + l), then n(u) = nm + 1 and by (18) we get 
nm + 1 = 1 + 2X,2(u) + C P,“(u) + C R:(u) + 2 D;(u) 
2 z z 
= 1 + 2X:(21) + 4 (nm + 1) + 2q - 2XlB(u) 
It follows, using Lemma 5.8 (e) and Lemma 5.9, that 
C cuue = g[q - 1 - + (n + 1) + (q - 1) (nm - 3m + 2)/2ml(nm + 1)-s 
e 
= & [qz(nm + 1) + pa(l - m) - 2q(nm + 1)] (nm + 1)-i 1 
Hence nm + 1 divides 2q3, a contradiction. Therefore P,(U) = 0 for all 
Pi E Y1 . The formula for n(u) follows immediately from (18). 
LEMMA 5.12. Let e EQ# and u be an involution of G. Then 
44 = 4, n(u) = nm + 1, 
and e is a real element in G. 
Proof. By Lemma 5.10, n(e) is an odd integer. Furthermore, it follows 
from Lemmas 5.9, 5.10, and 5.11 that 
Hence e can be represented as a product of two involutions and therefore e 
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is a real element in G. Under these conditions, Lemma (4A) of [2] implies 
that c,,, = n(e). It follows by (19) that 
g = mn(e) n(u). 
As n(e) < q and n(u) < nm + 1, we must have 
f44 = 4 and n(u) =nm + 1. 
LEMMA 5.13. Q is a CCT-sllbgroup of G. 
Pvoof. Being simple, G is of even order. Let e EQ#; since e is a real 
element in G with a centralizer of odd order, there exists an involution u in 
the normalizer of Co(e) in G (see [2], pp. 566-7). Since (n(e), Z(U)) = 1, 
u leaves no non-unit element of Co(e) invariant, and consequently Co(e) 
is Abelian. Since Co(e) is also a Hall subgroup of G, it follows from [7] 
that Q is conjugate to Co(e), and hence Abelian. Lemma 5.12 then implies that 
Q = C,(e) for all e EQ#, and by Theorem 2.1, Q is a CCT-subgroup of G. 
LEMMA 5.14. g = qm(m + 1). 
Proof. Lemma 5.13 implies that 
g = P&m + 1) = WP(YP + 11, wjq-1. 
Therefore m(nm + 1) = wyq + w and, modulo q, n + 1 = w. Since both 
sides are positive and less than q, it follows that w = n + 1. Hence 
~m+2(=+1)=(n+l)y, n+112m=4q+2. 
But since n + 1 = w 1 4q - 4 it follows that n + 1 1 6. As n is odd, either 
n + 1 = 2 or n+ 1 = 6. If n + 1 = 6, the 3-Sylow subgroup of No(Q) 
is its own normalizer in No(Q) and the Sylow Theorem implies that 3 ]2q - 1, 
a contradiction. Hence n + 1 = 2, n = 1, and the proof is complete. 
Proof of Proposition 5.1 (continued). To prove Proposition 5.1 it suffices 
to show that G can be represented as a doubly transitive permutation group 
on m + 1 letters, in which no nontrivial permutation leaves three letters 
fixed. This follows from the fact that q = 9 (m - 1) and from the results 
of Zassenhaus ([8], pp. 37-38). 
We will represent G as a permutation group on the m + 1 cosets of 
N(M) = N in G. For x E G, let P(x) be the permutation sending Ny onto 
Nyx, and let P = {P(x) 1 x E G}. Obviously N = (x 1 x E G, Nx = N}. 
Furthermore, N acts transitively on the remaining m cosets, because if 
Nx # N and h, , h, E AL?, h, # ha, then also Nxh, # Nxh, since otherwise 
xh,h;lx-1 E N, hence x EN, in contradiction to our assumption that Nx # N. 
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Let PI be equal to P restricted to N, acting on the m cosets of N diRerent 
from N. PI is a transitive group of permutations on m letters, and being a 
Frobenius group no non-unit element of PI leaves two letters fixed. Thus P 
is a doubly transitive permutation group on m + 1 letters in which no 
nontrivial permutation leaves three letters fixed. The proposition follows. 
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